Proposal for Inverting the Quantum Cloning of Photons 
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We propose an experiment where a photon is first cloned by stimulated parametric down- 
conversion, making many (imperfect) copies, and then the cloning transformation is inverted, re- 
generating the original photon while destroying the copies. Focusing on the case where the initial 
photon is entangled with another photon, we study the conditions under which entanglement can 
be proven in the final state. The proposed experiment would provide a clear demonstration that 
quantum information is preserved in quantum cloning. It would furthermore allow a definitive ex- 
perimental proof for micro-macro entanglement in the intermediate multi-photon state, which is still 
an outstanding challenge. Finally it might provide a quantum detection technique for small differ- 
ences in transmission (e.g. in biological samples), whose sensitivity scales better with the number 
of photons than a classical transmission measurement. 

PACS numbers: 03.65.Ta, 03.65.Ud, 03.67.Mn, 42.50.Xa 
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The no-cloning theorem [l[ states that it is impossible 
to build a quantum copying machine that would perfectly 
copy arbitrary quantum states. This is a direct conse- 
quence of the linearity of the time evolution in quantum 
physics. It is also essential in order to rule out the possi- 
bility of superluminal communication using quantum en- 
tanglement However, approximate quantum cloning 
is possible [3J and has been studied extensively. Different 
types of quantum doners have been introduced, includ- 
ing universal doners which clone all input states 
equally well, and phase-covariant doners [5], which pro- 
duce equally good copies for all input states that lie on 
the equator of the Bloch sphere. 

In all cases, the fidelity of the clones has to satisfy 
certain bounds, whose exact form depends on the type 
of doner considered. One way of understanding these 
bounds is to realize that the clones cannot contain more 
information about the initial state than the initial state 
itself One may then wonder if the clones contain ex- 
actly the same amount of information as the initial state 
(or less). In the case of optimal phase-covariant cloning 
it is easy to see that the answer is yes because the cloning 
transformation can be realized in a unitary fashion. It 
is thus in principle possible to invert the cloning trans- 
formation and recover the initial state. The answer can 
be shown to be yes for universal cloning as well, but one 
has to use more sophisticated arguments based on state 
estimation , as the doner uses auxiliary systems and is 
thus non-unitary if only inputs and clones are considered. 

Implementations of quantum cloning have been stud- 
ied extensively over the last decade [7|. A particularly 
simple and intuitive way of realizing quantum doners 
in the context of quantum optics (where the inputs are 
photons) is by using stimulated emission; in this case the 
bounds on the fidelity of the clones can be seen as being 
due to the unavoidable presence of spontaneous emission 
Both universal and phase-covariant quantum 
doners have been realized based on stimulated paramet- 



ric down-conversion. However, inverting these cloning 
transformations has not been considered so far. The fea- 
sibility of this inversion is the topic of the present paper. 
Focusing on the case of phase-covariant cloning, we take 
into account the most important experimental imperfec- 
tion, namely photon loss. 

Experimentally inverting quantum cloning would be a 
striking demonstration of the information preservation 
in the cloning process. We will in particular focus on 
the case where the initial input photon is entangled with 
another photon. The preservation of this entanglement 
after the cloning process and its inversion is a good crite- 
rion for verifying if the original photon is indeed regener- 
ated with its quantum character intact. However, there is 
another reason why this scenario is particularly interest- 
ing. There is a recent experiment 11] where one photon 
from an entangled pair was phase-covariantly cloned, and 
where the number of clones produced was up to tens of 
thousands. The authors of claimed to have demon- 
strated micro-macro entanglement between one original 
photon and a large number of photons (the clones). This 
claim was subsequently challenged [12], lea ding to a num- 
ber of detailed theoretical investigations |13l4l6|. The 
conclusion of this debate is that it is not easy to prove 
the existence of micro-macro entanglement in this sys- 
tem experimentally without too many assumptions. The 
present approach via the inversion of the cloning trans- 
formation is one possible avenue that has so far not been 
considered. If there is still entanglement after cloning and 
inverted cloning, then there definitely had to be micro- 
macro entanglement after the cloning step. 

We now describe the system that we are considering 
in more detail, see also Figure 1 for the setup and Refs. 
13, l3| for the notation used. The initial photon pair is 
in a polarization singlet state 
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FIG. 1: Setup considered in this paper. A source creates 
a pair of entangled photons. The photon in mode B is de- 
tected directly. The photon in mode A is cloned by the 
phase-covariant cloning transformation U, then this transfor- 
mation is inverted, . The pump laser beams necessary 
for implementing the cloning transformations are not shown. 
Losses before, in between and after the cloning transforma- 
tions are taken into account through the transmission factors 
rii , r]2 and rys . We are interested in the regime where the final 
state in mode A is again at the single-photon level. We study 
whether the final state of modes A and B can be shown to be 
entangled using the witness W of Eq. (4), which is based on 
polarization-sensitive photon counting in both modes. The 
presence of (strong) entanglement between A and B in the 
final state can be interpreted as showing that the quantum 
information present in the original photon in mode A is re- 
generated in the final single-photon level state of mode A. 
Furthermore, any entanglement that is detected between A 
and B in the final state implies that the multi-photon state 
created by the first cloning transformation in A was entan- 
gled with the single photon in mode B (micro-macro entan- 
glement), since entanglement cannot be created locally. 



where h and v denote horizontal and vertical polarization 
and |ri) is the vacuum state for all modes. The photon 
in spatial mode B is detected directly in a polarization- 
sensitive way and serves as a herald. The photon in spa- 
tial mode A is subjected to the unitary phase-covariant 
cloning transformation U = e~''^* , where the Hamilto- 
nian is given by 
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corresponding to type-II coUinear parametric down- 
conversion [lO, The coupling constant x includes 
the non-linear coefficient of the crystal and the amplitude 
of the pump laser. The spatio-temporal mode a in the 
Hamiltonian has to be indistinguishable from that of the 
input photon in order for stimulated emission to occur 
Identifying h and v with the north and south poles 
of the Bloch sphere and introducing equatorial modes 
00 = 73^'^*^"'' s"'^^") = one has 
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The Hamiltonian thus corresponds to a sum of two 
squeezers for any two orthogonal equatorial modes. As a 
consequence, U factorizes into two independent unitaries, 
one for and one for a,f,±_ . Note that since the choice of 



(p is arbitrary, we will use the notation a and a±^ for the 
equatorial modes for simplicity. 

The inverted cloning transformation U^^ can be im- 
plemented by changing the sign of x- Physically this can 
be done by changing the phase of the pump beam for the 
down-conversion process. Note that if U^^ acted on a 
single-photon input state, it would create a large num- 
ber of clones in full analogy with U , with changes only 
in certain phase factors that depend on the sign of x- 
However, acting after U it has the effect of converting a 
multi-photon state back to the single-photon level. 

We want to study the entanglement in the final state, 
i.e. after cloning and inverted cloning. In the absence 
of imperfections, inverting U trivially leads one back to 
the initial state. The situation is more interesting when 
realistic imperfections are taken into account. We con- 
sider photon loss before J7, between U and U~^, and 
after U^^, characterized by transmission coefficients 771, 
772 and 773, see Figure 1. We will see that all three types 
of loss affect the entanglement, but it is clear that the 
loss between U and plays a special role, because it 
prevents the cancelation of U and [/~^. We are inter- 
ested in the regime where the cancelation is still close 
to perfect, such that the final state in mode A is at the 
single-photon level, but may nevertheless contain signifi- 
cant vacuum and few-photon components. We therefore 
need an entanglement witness that can deal with these 
components. We use the entanglement criterion of Ref. 
[131, which is based on that of Ref. The state is 

proven to be entangled if 



W ^\{J^ {N^) >0, 
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where is the vector of Stokes operators for mode A, 
i.e. = a\ah - aja^, = ajoo - aJj^ao_L, Jy = 
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where Oq, ao±i o,- s-^d az.±^ arc equato- 
^ - ^ - 22 

rial modes as introduced above; is the corresponding 
vector of Stokes operators for mode B, but restricted to 
the single-photon subspace; and N"^ — aj^a/i + aj^a^ is the 
total number of photons in A. 

The multi-photon states generated by the cloning 
transformation U are quite complex ll|-|l3l|. It is there- 



fore much more convenient to work in the Heisenberg pic- 
ture, i.e. to transform the operators and evaluate their 
expectation values for the initial two-photon singlet state. 
Applying the appropriate sequence of beam splitter and 
squeezer operations corresponding to Figure 1, we find 
the overall transformation for any equatorial mode. 



a' = ^/flimm a + V(l - r;i)772?73Ci + 
V(l-f72)?73(cosh(g) C2 - sinh(5) 4) + Vl-^yscs, (5) 

where a' is the final mode, a is the initial mode, ci, C2, C3 
are the vacuum modes injected into the system by the 
losses before, in between, and at the end (see Figure 1); 
5 = is the gain of the doner (and of the inverted 
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doner). One can see that ci and C3 just cause loss. In 
contrast the vacuum fluctuations due to C2 are ampli- 
fied by the second (inverting) doner. This shows clearly 
that the intermediate loss is particularly important in the 
present context. 

In order to calculate expectation values in the Heisen- 
berg picture we also need the initial state. It is given by 
Eq. (dl, which corresponds to the vacuum state for all 
the loss modes. It is helpful to rewrite it in terms of equa- 
torial modes a and a± as j?/'-) — "^('^^^i 



using the simplified notation that we introduced after Eq. 
©. 

It is not hard to show that the final mean photon num- 
ber in A is 

{ij_\N^\iP^) = (l|a'^a'|l) + (0|a'^a'|0) = 

V1V2V3 + 2(1 - V2)V3 sinh^(g), (6) 

where |0) and |1) are the zero-photon and one-photon 
states for the initial mode a. We are interested in the 
regime where the transmission factors r]i are all fairly 
close to one (with 772 very close to one, see below), such 
that the ?7i?72'73 term in Eq. © is of order one, and 
where 2(1 — 772)% sinh^(g) is small compared to 77i?72%, 
such that the final state in A is again at the single-photon 
level. That is, the regime where the effect of the amplified 
vacuum fluctuations discussed above is relatively small. 

Turning now to the question of entanglement in the 
final state, using Eq. ([5]) one can show that 



(V'-|j>.^lv-> = (V'-|J,Xl^-) = 

-((l|a'ta'|l)~(0|a'ta'|0)) =-771772^3. 



Furthermore 
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Note that commutes with H and is thus not affected 
by the doners at all. Putting all these pieces together, 
one finds 



W = 2 (?7i772 - (1 - 772) sinh^(5)) 773. 



(9) 



From Eq. (|9]) one can see that different loss channels have 
quite different effects on the entanglement witness, as was 
to be expected following the discussion after Eq. ([S]). 
Loss after the second doner affects both terms equally 
and is thus relatively benign. The value of the witness 
just decreases proportionally to the transmission 773. Loss 
before the first doner reduces the first term, but only lin- 
early in rji. Note that this is in contrast to the situation 
for just one doner, where loss before the doner greatly 
affects the violation of the same entanglement criterion, 
see section VI. C of Ref. 13|. This difference is due to 



the fact that in the present situation errors due to loss 
before the first doner (which can be viewed as fiuctua- 
tions due to the injected vacuum mode) are amplified by 
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FIG. 2: The number of clones after the first doner A^^, for 
which the entanglement witness W for the final state takes 
values 0, 0.5, 1 (from top to bottom), as a function of the 
intermediate transmission 7/2, for fixed 771 = 773 = 0.8. Points 
below the top curve correspond to entanglement. Note that 
the theoretical maximum value for the witness is 2. As a 
consequence of Eqs. (9-10), proving entanglement is more 
difficult for larger numbers of clones in the intermediate state 
(i.e. for higher gain), requiring values of 772 increasingly close 
to 1. 



the first doner, but de-amplified by the second one. The 
main problem in the present situation is loss between the 
two doners, characterized by 772. Errors due to this in- 
termediate loss are amplified by the second doner by a 
factor sinh^((7). The size of this amplification is directly 
related to the mean number of photons (clones) after the 
first doner, which is 



(i/;_|a^a|7/>_) =2(l + 77i)sinh"(5) + 7;i, (10) 



where the subscript c is for "clones" and a = [^/fjia 



VI - ?7iCi)cosh(.g) + {y/rna^ 
Eqs. dH) and ^ give 



VI -?7icl)sinh(g). 



W 



>?i(l + V2 + 2?7i?72)7?3 _ (1 - 112)^3 



(11) 



The negative term in this expression for W is propor- 
tional to both (1 — 7^2) and N^. This implies that in 
order to prove entanglement using the witness W for in- 
creasing intermediate numbers of clones , the trans- 
mission 7^2 has to be closer and closer to one. This is 
illustrated in Figure 2. This probably rules out detect- 
ing entanglement for photon numbers of order 10*, as in 



the experiment of Ref. llj . Supplementary assumptions 



thus would still have to be made in order to prove entan- 
glement for such large photon numbers, see also the dis- 
cussion in the introduction and Refs. |lll4l6| . However, 
the approach described here should allow to demonstrate 
entanglement for photon numbers much bigger than one 
without any additional assumptions, see Figure 2. Using 
anti-refiection coatings it should be possible to keep the 
losses between the two doners, i.e. 1 — 772, at the level 
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of at most a few percent. The transmission "before", 
r]i, is equivalent to the heralding efficiency for single- 
photon sources based on parametric down-conversion, for 
which values as high as 0.83 have been reported [l^. The 
transmission "after", 773, is mainly limited by the detec- 
tion efficiency, for which values as high as 0.95 have been 
achieved using transition-edge sensor detectors [3]. In 
Figure 2 we have conservatively assumed iji = rj^ = 0.8. 
The figure shows that micro-macro entanglement involv- 
ing a hundred photons or more on the macro side should 
be provable with the present approach, which therefore 
provides a new avenue for proving micro-macro entangle- 
ment without supplementary assumptions. 

The high sensitivity to the transmission 772 (in the high 
photon-number regime) shown here is closely related to 
the results of Refs. flB\ and 16 1, which show that the de- 
tectable micro-macro entanglement is highly sensitive to 
loss (for a homodyne measurement) and coarse-graining 
(for photon counting measurements) respectively. Let 
us note that micro-macro entanglement is present even 
for small values of 772 (i.e. large loss), at least for the 
simple model used in this paper. This follows from the 
results of Ref . 12| , where the same entanglement witness 
that we use here was applied directly to the micro-macro 
state. However, the presence of this entanglement can 
be proved experimentally only by very difficult measure- 
ments, which involve counting larg e photon numbers with 
single-photon level resolution [16|. 

In the above discussion we have assumed that the gain 
values for the two doners are exactly identical. Exper- 
imental imperfections are likely to result in a small dif- 
ference, such that the first doner has a gain gi and the 
second doner has a gain (72 = 5i + £■ One can show that 
in this case the value of the entanglement witness in the 
final state is W = — 7^1772 7736^, where W is the value 
in the ideal case discussed above. There is no correction 
term linear in e, making the violation relatively robust, 
because the case of perfectly matched gains is in fact an 
optimal point that maximizes the final entanglement. 

So far we have discussed the proposed experiment from 
a purely foundational point of view, as a way to demon- 
strate information preservation in quantum cloning and 
the existence of micro-macro entanglement. We now ar- 
gue that it might also be interesting from a much more 
applied perspective. Detecting small variations in trans- 
mission across a sample is one of the most fundamen- 
tal problems in optical imaging. For example, bi olog ical 
samples often have very low contrast, see e.g. [20| for 
more details. The standard approach is to use a clas- 
sical beam of light (corresponding to a coherent state 
in the quantum description) and measure the variation 
of the transmitted intensity. However, a coherent state 
has a Poissonian photon number distribution, which im- 
plies that it has photon number fluctuations of VN, for 
a mean number of photons N in the beam. This means 
that a small change in transmission A?/ is only observ- 



able if iVA77 > Vn, or A7; > For small A77 one 

thus requires quite large N, which can be a problem for 
highly light-sensitive samples (e.g. living cells). 

In contrast, consider a situation where the sample is 
placed between the flrst and second doner in Figure 2. 
Eq. pT|) implies that W varies strongly with a change in 



dW 
dri2 



mvsi^ + 2771) 



(12) 



i + vi 1 + 771 

The first term dominates over the second one even for 
quite modest intermediate photon numbers N^. 



This 



means that is linear in the total number of photons 
transmitted through the sample. For comparison 
with the above discussion of the coherent-state case we 
will refer to this number as = N^. The smallest de- 
tectable change (A772)mi„ is given by {AW)jnin/{^), 
where (AW)min is the smallest detectable change in W. 
Under typical experimental conditions (AW)min will de- 
pend on the precision of the experiment and on the num- 
ber of repetitions, but it will be independent of N. As 
a consequence, for large enough N, {Ar]2)min scales like 
compared to in the case of the coherent state. 
This much more advantageous scaling is a quantum en- 
hancement that is due to the use of entangled light. It 
is analogous to the Heisenberg limit (in contrast to the 
standard quantum limit) in interferometry 21 , 22l . This 
suggests that the present approach may be promising as 
a quantum measurement technique. 
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